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Abstract 

We construct M-theory on the orbifold C 2 /Zjv by coupling 11-dimensional supergravity to a seven- 
dimensional Yang-Mills theory located on the orbifold fixed plane. It is shown that the resulting 
action is supersymmetric to leading non-trivial order in the 11-dimensional Newton constant. This 
action provides the starting point for a reduction of M-theory on Gi spaces with co-dimension 
four singularities. 
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1 Introduction 



It has been known for a long time that compactification of 11-dimensional supergravity on seven- 
dimensional manifolds leads to non-chiral four-dimensional effective theories 012] and does, therefore, 
not provide a viable framework for particle phenomenology. With the construction of M-theory on 
the orbifold S 1 /1*2 xR 1,9 , Hofava and Witten [3] demonstrated for the first time that the situation can 
be quite different for compactifications on singular spaces. In fact, they showed that new states in the 
form of two 10-dimensional Eg super- Yang-Mills multiplets, located on the two 10-dimensional fixed 
planes of this orbifold, had to be added to the theory for consistency and they explicitly constructed 
the corresponding supergravity theory by coupling 11-dimensional supergravity in the bulk to these 
super- Yang-Mills theories. It soon became clear that this theory allows for phenomenologically 
interesting Calabi-Yau compactifications [I]- [HI and, as the strong-coupling limit of the heterotic 
string, should be regarded as a promising avenue towards particle phenomenology from M-theory. 

More recently, it has been discovered that phenomenologically interesting theories can also be 
obtained by M-theory compactification on singular spaces with G2 holonomy jTj-j^ni- More precisely, 
in such compactifications, certain co-dimension four singularities within the G2 space lead to low- 
energy non-Abelian gauge fields [S] while co-dimension seven singularities can lead to matter 
fields |9l ll0[ l8j. In contrast, M-theory compactifications on G2 manifolds reduce to four-dimensional 
J\f = 1 theories with only Abelian vector multiplets and uncharged chiral multiplets. Our focus in 
the present paper will be the non-Abelian gauge fields arising from co-dimension four singularities. 
The structure of the G2 space close to such a singularity is of the form C 2 /D x B, where D is one 
of the discrete ADE subgroups of SU(2) and B is a three-dimensional space. We will, for simplicity, 
focus on A-type singularities, that is D = Z^r, which lead to gauge fields with gauge group SU(N). A 
large class of singular G2 spaces containing such singularities has been obtained in [2^, by orbifolding 
seven tori [22] • It was shown that, within this class of examples, the possible values of iV are 2, 3, 
4 and 6. However, in this paper, we keep ./V general, given that there may be other constructions 
which lead to more general N. The gauge fields are located at the fixed point of C 2 /Ztv (the origin 
of C 2 ) times B x R 1 ' 3 , where R 1 ' 3 is the four-dimensional uncompactified space-time, and are, hence, 
seven-dimensional in nature. One would, therefore, expect there to exist a supersymmetric theory 
which couples M-theory on the orbifold C 2 /Ztv to seven-dimensional super- Yang-Mills theory. It is 
the main purpose of the present paper to construct this theory explicitly. 

Although motivated by the prospect of applications to G2 compactifications, we will formulate 
this problem in a slightly more general context, seeking to understand the general structure of low- 
energy M-theory on orbifolds of ADE type. Concretely, we will construct 11-dimensional supergravity 
on the orbifold C 2 /Zjv x R 1,6 coupled to seven-dimensional SU(N) super- Yang-Mills theory located 
on the orbifold fixed plane {0} x R 1,6 . For ease of terminology, we will also refer to this orbifold plane, 
somewhat loosely as the "brane" . This result can then be applied to compacitifications of M-theory 
on G2 spaces with C 2 /Z N singularities, as well as to other problems (for example M-theory on certain 
singular limits of K3). We stress that this construction is very much in the spirit of the Hofava- 
Witten theory jj!;, which couples 11-dimensional supergravity on S 1 /^ x R ' 9 to 10-dimensional 
super- Yang-Mills theory. 

Let us briefly outline our method to construct this theory which relies on combining informa- 
tion from the known actions of 11-dimensional 23] [21] and seven-dimensional supergravity |25|-|27|. 
Firstly, we constrain the field content of 11-dimensional supergravity (the "bulk fields") to be com- 
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patible with the Z^r orbifolding symmetry. We will call the Lagrangian for this constrained version 
of 11-dimensional supergravity L\\. As a second step this action is truncated to seven dimensions, 
by requiring all fields to be independent of the coordinates y of the orbifold C 2 /Zat (or, equivalently, 
constraining it to the orbifold plane at y = 0). The resulting Lagrangian, which we call C\i\ y= Q, is 
invariant under half of the original 32 supersymmetries and represents a seven-dimensional N = 1 
supergravity theory which turns out to be coupled to a single £7(1) vector multiplet for N > 2 or three 
U(l) vector multiplets for N = 2. As a useful by-product, we obtain an explicit identification of the 
(truncated) 11-dimensional bulk fields with the standard fields of 7-dimensional Einstein- Yang- Mills 
(EYM) supergravity. We know that the additional states on the orbifold fixed plane should form a 
seven-dimensional vector multiplet with gauge group SU(iV). In a third step, we couple these addi- 
tional states to the truncated seven-dimensional bulk theory £11^=0 to obtain a seven-dimensional 
EYM supergravity C SU{N) with gauge group U(l) x SU(N) for N > 2 or U(l) 3 x SU (N) for N = 2. 
We note that, given a fixed gauge group the structure of Csu(N) is essentially determined by seven- 
dimensional supergravity. We further write this theory in a form which explicitly separates the bulk 
degrees of freedom (which we have identified with 11-dimensional fields) from the degrees of freedom 
in the SU{N) vector multiplets. Given this preparation we prove in general that the action 
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is supersymmetric to leading non-trivial order in an expansion in k, the 11-dimensional Newton con- 
stant. Inserting the various Lagrangians with the appropriate field identifications into this expression 
then provides us with the final result. 

The plan of the paper is as follows. In Section [21 we remind the reader of the action of 11- 
dimensional supergravity. As mentioned above this is to be our bulk theory. We then go on to 
discuss the constraints that arise on the fields from putting this theory on the orbifold. We also lay 
out our conventions for rewriting 11-dimensional fields according to a seven plus four split of the 
coordinates. In Section|3]we examine our bulk Lagrangian constrained to the orbifold plane and recast 
it in standard seven-dimensional form. The proof that the action (|l.lj) is indeed supersymmetric to 
leading non-trivial order is presented in Section 0J Finally, in Sectional we present the explicit result 
for the coupled 11-/ 7-dimensional action and the associated supersymmetry transformations. We 
end with a discussion of our results and an outlook on future directions. Three appendices present 
technical background material. In Appendix^] we detail our conventions for spinors in eleven, seven 
and four dimensions and describe how we decompose 11-dimensional spinors. We also give some 
useful spinor identities. In Appendix El we have collected some useful group-theoretical information 
related to the cosets SO(3, M)/SO(3) x SO(M) of d = 7 EYM supergravity which will be used in the 
reduction of the bulk theory to seven-dimensions. The final Appendix is a self-contained introduction 
to EYM supergravity in seven dimensions. 



2 Eleven-dimensional supergravity on the orbifold 

In this section we begin our discussion of M-theory on Ai 1 ^ = M 1,6 x C 2 /Zat by describing the bulk 
action and the associated bulk supersymmetry transformations. We recall that fields propagating 
on orbifolds are subject to certain constraints on their configurations and proceed by listing and 
explaining these. First however we lay out our conventions, and briefly describe the decomposition 
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of spinors in a four plus seven split of the coordinates. 



We take space-time to have mostly positive signature, that is ( — h + ...+), and use indices 
M, N, ... = 0, 1, . . . , 10 to label the 11-dimensional coordinates (x M ). It is often convenient to 
split these into four coordinates y A , where A,B, ... = 7,8,9,10, in the directions of the orbifold 
C 2 /Z N and seven remaining coordinates x^, where p,,u,... = 0, 1, 2, . . . , 6, on M 1,6 . Frequently, we 
will also use complex coordinates (z p , zP) on C 2 /Ztv, where p,q, . . . = 1,2, and p,q, . . . = 1,2 label 
holomorphic and anti-holomorphic coordinates, respectively. Underlined versions of all the above 
index types denote the associated tangent space indices. 

All 11-dimensional spinors in this paper are Majorana. Having split coordinates into four- and 
seven-dimensional parts it is useful to decompose 11-dimensional Majorana spinors accordingly as 
tensor products of SO(l, 6) and SO(4) spinors. To this end, we introduce a basis of left-handed SO(4) 
spinors {p 1 } and their right-handed counterparts {p>} with indices = 1, 2 and T,j, ■ ■ ■ = 1,2. 

Up to an overall rescaling, this basis can be defined by the relations 7— p 1 = (7— )_. . An 11- 
dimensional spinor ip can then be written as 

ip = ipi(x,y)® p i + ij)j(x,y)® pP, (2.1) 

where the 11-dimensional Majorana condition on ip forces ipi(x,y) and tpj(x,y) to be SO(l,6) sym- 
plectic Majorana spinors. In the following, for any 11-dimensional Majorana spinor we will denote 
its associated seven-dimensional symplectic Majorana spinors by the same symbol with additional i 
and T indices. A full account of spinor conventions used in this paper, together with a derivation of 
the above decomposition can be found in Appendix lAl 

With our conventions in place, we proceed by reviewing 11-dimensional supergravity |2H1 124 1 IH] . 
Its field content consists of the vielbein eu— and associated metric guN = t Imn ^m — e N~ > ^ ne three- 
form field C, with field strength G = dC, and the gravitino ^> m- In this paper we shall not compute 
any four fermi terms (and associated cubic fermion terms in the supersymmetry transformations), 
and so we shall neglect them throughout. The action is given by 
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where the dots stand for terms quartic in the gravitino. Here n is the 11-dimensional Newton 
constant, Y MlM2 '" Mn denote anti-symmetrized products of gamma matrices in the usual way, and 
V/ is the spinor covariant derivative, defined in terms of the spin connection uj by 

Vm = 9m + -^u m ^-T mn - (2-3) 
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The transformation laws of local supersymmetry, parameterized by the spinor r/, read 



5Cmnp 



(2.4) 
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where the dots denote terms cubic in the gravitino. 

In order for the above bulk theory to be consistent on the orbifold C 2 / Z N x K 1 ' 6 we need to 
constrain fields in accordance with the Zjy orbifold action. Let us now discuss in detail how this 
works. 

We denote by R the SO (4) matrix of order N that generates the Z^v symmetry on our orbifold. 
This matrix acts on the 11-dimensional coordinates as (x,y) — > (x,Ry) which implies the existence 
of a seven-dimensional fixed plane characterized by {y = 0}. For a field X to be well-defined on the 
orbifold it must satisfy 



for some linear operator ®{R) that represents the generator of Zjv- In constructing our theory we 
have to choose, for each field, a representation of Zjy for which we wish to impose this constraint. 
For the theory to be well-defined, these choices of representations must be such that the action (j2,2j) 
is invariant under the Zjv orbifold symmetry. Concretely, what we do is choose how each index type 
transforms under Zjv- We take R = {R A g) to be the transformation matrix acting on curved four- 
dimensional indices A,B,... while the generator acting on tangent space indices A,B,... is some 
other 50(4) matrix T~ B . It turns out that this matrix must be of order N for the four-dimensional 
components of the vielbein to remain non-singular at the orbifold fixed plane. Seven-dimensional 
indices fj,,u,... transform trivially. Following the correspondence Eq. (|2.1j) . 11-dimensional Majorana 
spinors are described by two pairs ipi and ife of seven-dimensional symplectic Majorana spinor. 
We should, therefore, specify how the Z^r symmetry acts on indices of type i and i. Supersymmetry 
requires that at least some spinorial degrees of freedom survive at the orbifold fixed plane. For this 
to be the case, one of these type of indices, % say, must transform trivially. Invariance of fermionic 
terms in the action (|2.2jl requires that the other indices, that is those of type i, be acted upon by a 
U (2) matrix 5j that satisfies the equation 



X(x,Ry) = Q(R)X(x,y) 



(2.5) 




(2.6) 



Given this basic structure, the constraints satisfied by the fields are as follows 



e^-{x,Ry) 
e A ~(x,Ry) 
e£(x,Ry) 
e A -(x, Ry) 
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C^ p {x,Ry) = C fwp (x,y), (2.11) 

C^ uA {x,Ry) = (R~ 1 ) A B C tl Mx,y), etc. (2.12) 

VpifaRy) = V„i{x,y), (2.13) 

*,s(x,Ry) = S/Vpfay), (2.14) 

*Ai(x,Ry) = (R- 1 ) A B ^Bi(.x,y), (2.15) 

VAi(x,Ry) = (R^) A B S^ B j(x,y). (2.16) 

Furthermore, covariance of the super symmetry transformation laws with respect to Z^r requires 

f]i(x,Ry) = T]i(x,y), (2.17) 
rfi(x,Ry) = SJ Vj (x,y). (2.18) 

In complex coordinates (z p , zP), it is convenient to represent R by the following matrices 

(R%) = e 2i ^ N l 2 , (R%) = e- x *' N l2, (R%) = (R%) = . (2.19) 

Using this representation, the constraint (|2.1U|) implies 

ep A =e -2in/N T A^ ep B _ (2 2Q) 

Hence, for the vierbein e A — to be non-singular T must have two eigenvalues e 2ln / N . Similarly, the 
conjugate of the above equation shows that T should have two eigenvalues e ~ 2l - n / N . Therefore, in an 
appropriate basis we can use the following representation 

(Ttg) = e 2iw/N l 2 , (T%) = e- 2iw/N l 2 . (2.21) 

Given these representations for R and T, the matrix S is uniquely fixed by Eq. (|2.6|) to be 

(Sf) = e 2i7T / N l 2 . (2.22) 

We will use the explicit form of R, T and S above to analyze the degrees of freedom when we truncate 
fields to be y independent. 

When the 11-dimensional fields are taken to be independent of the orbifold y coordinates, the 
constraints (|2.7|l — (|2.16|) turn into projection conditions, which force certain field components to 
vanish. As we will see shortly, the surviving field components fit into seven-dimensional M = 1 
supermultiplets, a confirmation that we have chosen the orbifold Z^r action on fields compatible 
with supersymmetry. More precisely, for the case N > 2, we will find a seven-dimensional gravity 
multiplet and a single U(l) vector multiplet. Hence, we expect the associated seven-dimensional 
jV = 1 Einstein- Yang- Mills (EYM) supergravity to have gauge group U(l). For Z 2 the situation is 
slightly more complicated, since, unlike for N > 2, some of the field components which transform 
bi-linearly under the generators are now invariant. This leads to two additional vector multiplets, 
so that the associated theory is a seven-dimensional M = 1 EYM supergravity with gauge group 
C/(l) 3 . In the following section, we will write down this seven-dimensional theory, both for N = 2 
and N > 2, and find the explicit identifications of truncated 11-dimensional fields with standard 
seven-dimensional supergravity fields. 
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3 Truncating the bulk theory to seven dimensions 



In this section, we describe in detail how the bulk theory is truncated to seven dimensions. We 
recall from the introduction that this constitutes one of the essential steps in the construction of the 
theory. As a preparation, we explicitly write down the components of the 11-dimensional fields that 
survive on the orbifold plane and work out how these fit into seven-dimensional super-multiplets. 
We then describe, for each orbifold, the seven-dimensional EYM supergravity with the appropri- 
ate field content. By an explicit reduction of the 11-dimensional theory and comparison with this 
seven-dimensional theory, we find a list of identification between 11- and 7-dimensional fields which 
is essential for our subsequent construction. 

To discuss the truncated field content, we use the representations (|2.19j) . (|2.21jl . (|2.22j) of R, T 
and S and the orbifold conditions (|2.7|) - H2.16|) for y independent fields. For N > 2 we find that the 
surviving components are given by g^ u , e p ~, C^p, C^pq, VP^j, (T p ^ p )i and (r^^p)j. Meanwhile, the 
spinor r/ which parameterizes supersymmetry reduces to r/j, a single symplectic Major ana spinor, 
which corresponds to seven-dimensional M = 1 supersymmetry. Comparing with the structure of 
seven-dimensional multiplets (see Appendix[U]for a review of seven-dimensional EYM supergravity), 
these field components fill out the seven-dimensional supergravity multiplet and a single U{\) vector 
multiplet. For the case of the Z2 orbifold, a greater field content survives, corresponding in seven- 
dimensions to a gravity multiplet plus three U{\) vector multiplets. The surviving fields in this 
case are expressed most succinctly by g^, ^a~i Cp Up , C^ab, ^ ni and ^at- The spinor rj which 
parameterizes supersymmetry again reduces to r/i, a single symplectic Majorana spinor. 

These results imply that the truncated bulk theory is a seven-dimensional M = 1 EYM super- 
gravity with gauge group U(l) n , where n = 1 for N > 2 and n = 3 for N = 2. In the following, 
we discuss both cases and, wherever possible, use a unified description in terms of n, which can be 
set to either 1 or 3, as appropriate. The correspondence between 11-dimensional truncated fields 
and seven-dimensional supermultiplets is as follows. The gravity super-multiplet contains the purely 
seven-dimensional parts of the 11-dimensional metric, gravitino and three-form, that is, g pv , and 
Cfivp, along with three vectors from C^ab-, a spinor from *&Ai an d the scalar det(e^ — ). The remaining 
degrees of freedom, that is, the remaining vector (s) from C^ab, the remaining spinor(s) from aj 
and the scalars contained in v A ~ := det(e^— )~ 1 ^ e A~ > *h e unit-determinant part of e A ~ , fill out n 
seven-dimensional vector multiplets. The n + 3 Abelian gauge fields transform under the £0(3, n) 
global symmetry of the d = 7 EYM supergravity while the vector multiplet scalars parameterize the 
coset 50(3, n)/SO(3) x SO(n). Let us describe how such coset spaces are obtained from the vierbein 
v A ~, starting with the generic case N > 2 with seven-dimensional gauge group U(l), that is, n = 1. 
In this case, the rescaled vierbein v A ~ reduces to v p ~, which represents a set of 2 x 2 matrices with 
determinant one, identified by SU{2) transformations acting on the tangent space index. Hence, 
these matrices form the coset SL(2,C)/ SU(2) which is isomorphic to SO(3, 1)/S0(3), the correct 
coset space for n = 1. For the special Z2 case, which implies n = 3, the whole of v A ~ is present and 
forms the coset space 5X(4,R) /SO (4). This space is isomorphic to 50(3, 3)/S'0(3) 2 which is indeed 
the correct coset space for n = 3. 

We now briefly review seven-dimensional EYM supergravity with gauge group U(l) n . A more 
general account of seven-dimensional supergravity including non- Abelian gauge groups can be found 
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in Appendix |0 The seven-dimensional jV = 1 supergravity multiplet contains the vielbein e^~, the 
gravitino tp^i, a triplet of vectors A J with field strengths F^ = dA? , a three- form C with field 
strength G = dC, a spinor Xii an d a scalar a. A seven-dimensional vector multiplet contains a 
U(l) gauge field with field strength F = dA, a gaugino Aj and a triplet of scalars <j)( . Here, 
all spinors are symplectic Majorana spinors and indices = 1,2 transform under the SU{2) 

R-symmetry. For ease of notation, the three vector fields in the supergravity multiplet and the 
n additional Abelian gauge fields from the vector multiplet are combined into a single SO (3, n) 
vector A^, where I, J, . . . = 1, . . . , n + 3. The coset space 50(3, n)/SO(S) x 50(n) is described by 

a (3 + n) x (3 + n) matrix £j~, which depends on the 3n vector multiplet scalars and satisfies the 
50(3, n) orthogonality condition 

^J~^K"nJL = VI K (3.1) 

with (rju) = = diag(— 1, —1, —1, +1, . . . , +1). Here, indices /, J, . . . = 1, . . . , (n + 3) transform 
under 50(3, n). Their flat counterparts £, J . . . decompose into a triplet of SU(2), corresponding to 
the gravitational directions and n remaining directions corresponding to the vector multiplets. Thus 
we can write If - — > (£j u , £j a ), where u = 1, 2, 3 and a = 1, . . . , n. The adjoint SU (2) index u can be 
converted into a pair of fundamental SU(2) indices by multiplication with the Pauli matrices, that 
is, 

£ fj = 4^>«)Y (3-2) 
The Maurer-Cartan forms p and q of the matrix £, defined by 

Pji = ^M), (3.3) 

%-i = ewfv ( 3 - 4 ) 
q ; 3 = P&tfj, (3.5) 

will be needed as well. 

With everything in place, we can now write down our expression for C^ l \ the Lagrangian of 
seven-dimensional J\f = 1 EYM supergravity with gauge group U(l) n [2Zj. Neglecting four-fermi 
terms, it is given by 
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In this Lagrangian the covariant derivatives of symplectic Majorana spinors are defined by 
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The associated supersymmetry transformations, parameterized by the spinor £j, are, up to cubic 
fermion terms, given by 
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We now explain in detail how the truncated bulk theory corresponds to the above seven-dimensional 
EYM supergravity with gauge group C/(l) n , where n = 1 for the Z^v orbifold with N > 2 and n = 3 
for the special Z2 case. It is convenient to choose the seven-dimensional Newton constant k-j as 
k-j = k 5 / 9 . The correspondence between 11- and 7-dimensional Lagrangians can then be written as 

K^C u \ y=Q =C^. (3.9) 
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We have verified by explicit computation that this relation indeed holds for appropriate identifications 
of the truncated 11-dimensional fields with the standard seven-dimensional fields which appear in 
Eq. (|3,6j) . For the generic Zjv orbifold with N > 2 and n = 1, they are given by 

3 

a = —Indet g A B, (3.10) 

9p,v = e *°9nv, (3-11) 
ip„i = ^e^-^T^r^.e-^, (3.12) 

Cfjil/p = C^jyp, (3.13) 

FU = --tr^G^), (3.15) 
\ = l -{r^ p -r^ p ).e-^, (3.16) 
if = -tr (V/wrV) . (3.17) 

Furthermore the seven-dimensional supersymmetry spinor £j is related to its 11-dimensional coun- 
terpart by 

Si = e^rii. (3.18) 

In these identities, we have defined the matrices G^ v = (G^pq), v = (e 5<J / 6 e^) and made use of the 

standard SO(3, 1) Pauli matrices a 1 , defined in AppendixEl For the %2 orbifold we have n = 3 and, 
therefore, two additional U(l) vector multiplets. Not surprisingly, field identification in the gravity 
multiplet sector is unchanged from the generic case and still given by Eqs. (|3.1()|) - (|3.14j) . It is in the 
vector multiplet sector, where the additional states appear, that we have to make a distinction. For 
the bosonic vector multiplet fields we find 

Fp\ u = -\tr(T T Gp U ), (3.19) 
if = -tr {f lV T J v T ) , (3.20) 

where now G^ v = (G^ab) and v = (e 5a ^ 6 e A B ). Here, T 1 are the six SO(4) generators, which are 
explicitly given in Appendix IBI 



4 General form of the supersymmetric bulk-brane action 

In this section, we present our general method of construction for the full action, which combines 11- 
dimensional supergravity with the seven-dimensional super- Yang-Mills theory on the orbifold plane 
in a supersymmetric way. Main players in this construction will be the constrained 11-dimensional 
bulk theory £n, as discussed in Section [2 its truncation to seven dimensions, C^"\ which has been 
discussed in the previous section and corresponds to a d = 7 EYM supergravity with gauge group 
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U(l) n and Csu(N), a d = 7 EYM supergravity with gauge group U(l) n x SU(N). The SU(N) gauge 
group in the latter theory corresponds, of course, to the additional SU(N) gauge multiplet which 
one expects to arise for M-theory on the orbifold C 2 /Ztv- 

Let us briefly discuss the physical origin of these SU(N) gauge fields on the orbifold fixed plane. 
It is well-known that the N — 1 Abelian U(l) gauge fields within SU(N) are already massless 

for a smooth blow-up of the orbifold C 2 /Zjv by an ALE manifold. More precisely, they arise as zero 
modes of the M-theory three-form on the blow-up ALE manifold. The remaining vector fields arise 
from membranes wrapping the two-cycles of the ALE space and become massless only in the singular 
orbifold limit, when these two-cycles collapse. For our purposes, the only relevant fact is that all 
these SU(N) vector fields are located on the orbifold fixed plane. This allows us to treat the Abelian 
and non- Abelian parts of SU (N) on the same footing, despite their different physical origin. 

We claim that the action for the bulk-brane system is given by 

[ dMAi + tf 4 V)A™J, (4.1) 
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where 

£brane = ^SU(N) _ £"? • (4-2) 

Here, as before, C\\ is the Lagrangian for 11-dimensional supergravity (|2.2|) with fields constrained in 
accordance with the orbifold Z^r symmetry, as discussed in Section |2I The Lagrangian Cj describes 
a seven-dimensional N = 1 EYM theory with gauge group U(l) n . Choosing n = 1 for generic Z^r 
with N > 2 and n = 3 for Z2, this Lagrangian corresponds to the truncation of the bulk Lagrangian 
£11 to seven dimensions, as we have shown in the previous section. This correspondence implies 
identifications between truncated 11-dimensional bulk fields and the fields in £ 7 ™\ which have also 
been worked out explicitly in the previous section (see Eqs. (|3.10j) - (j3.17j) for the case N > 2 and 
Eqs. l(3~TU|) - (pm]) and (pOnjl - lpOH]) for N = 2). These identifications are also considered part of the 
definition of the Lagrangian (|4.1|) . The new Lagrangian Cgu(N) ^ s that of seven-dimensional EYM 
supergravity with gauge group U(l) n x SU (N), where, as usual, n = 1 for generic Z^r with N > 2 and 
n = 3 for Z2. This Lagrangian contains the "old" states in the gravity multiplet and the U(l) n gauge 
multiplet and the "new" states in the SU(N) gauge multiplet. We will think of the former states 
as being identified with the truncated 11-dimensional bulk states by precisely the same relations we 

(n) 

have used for C\ . The idea of this construction is, of course, that in £brane the pure supergravity 
and U{l) n vector multiplet parts cancel between Csu(N) an d £7^, so that we remain with "pure" 
SU(N) theory on the orbifold plane. For this to work out, we have to choose the seven-dimensional 

(n) 

Newton constant K7 within Csu(N) to be the same as the one in £ 7 " ; , that is 

k 7 = k 5/9 . (4.3) 

The supersymmetry transformation laws for the action (|4.1j) are schematically given by 

S u = 5 U U + K 8 /V 4) (y A )<5 n brane , (4.4) 
S 7 = 5 7 SU(N) , (4.5) 
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where 

X brane r SU(N) r 11 { A a\ 

5 n =5 n -5 n . (4.6) 

Here <5n and 5j denote the supersymmetry transformation of bulk fields and fields on the orbifold 
fixed plane, respectively. A superscript 11 indicates a supersymmetry transformation law of C±\, as 
given in equations (|2,4|) . and a superscript SU(N) indicates a supersymmetry transformation law of 
£su(N)> as can be found by substituting the appropriate gauge group into equations (|C16|) . These 
transformation laws are parameterized by a single 11-dimensional spinor, with the seven-dimensional 
spinors in (5 n SU ^ and Jy 811 ^ being simply related to this 11-dimensional spinor by equation (|3.18|) , 
On varying Sn-j with respect to these supersymmetry transformations we find 

<W?u-7 = -/ d 11 x^ 4 )(^)(l-K 8 /V 4 )(^))5 11 brane £ brane . (4.7) 
JMu v 7 

At first glance, the occurrence of delta-function squared terms is concerning. However, as in Hofava- 
Witten theory [3], we can interpret the occurrence of these terms as a symptom of attempting to 
treat in classical supergravity what really should be treated in quantum M-theory. It is presumed 
that in proper quantum M-theory, fields on the brane penetrate a finite thickness into the bulk, and 
that there would be some kind of built-in cutoff allowing us to replace 5^(0) by a finite constant 
times k -8 / 9 . If we could set this constant to one and formally substitute 

6^(0) = K - S ^ (4.8) 

then the above integral would vanish. 

As in Ref. [H], we can avoid such a regularization if we work only to lowest non-trivial order in 
k, or, more precisely to lowest non-trivial order in the parameter h = ki/c/ym- Note that h has 
dimension of inverse energy. To determine the order in h of various terms in the Lagrangian we need 
to fix a convention for the energy dimensions of the fields. We assign energy dimension to bulk 
bosonic fields and energy dimension 1/2 to bulk fermions. This is consistent with the way we have 
written down 11-dimensional supergravity (j2,2j) . In terms of seven-dimensional supermultiplets this 
tells us to assign energy dimension to the gravity multiplet and the U(l) vector multiplet bosons 
and energy dimension 1/2 to the fermions in these multiplets. For the SU(N) vector multiplet, that 
is for the brane fields, we assign energy dimension 1 to the bosons and 3/2 to the fermions. With 
these conventions we can expand 

£su(N) = Kj 2 (£( ) + h 2 C {2) + /i 4 £ {4) + ...), (4.9) 

(n) 

where the £( m ), m = 0, 2, 4, . . . are independent of h. The first term in this series is equal to C\ , 
and therefore the leading order contribution to £brane is precisely the second term of order h? in the 
above series. It turns out that, up to this order, the action S\\-j is supersymmetric under (|4.4j) and 
()4.5|) . To see this we also expand the supersymmetry transformation in orders of h, that is 

§i M(N) = jg) + h 2 6 (2) + ^(4) + (4 1Q) 

Using this expansion and Eq. (|4.9|) one finds that the uncanceled variation (|4.7|) is, in fact, of order 
h 4 . This means the action (|4.1j) is indeed supersymmetric up to order h 2 and can be used to write 
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down a supersymmetric theory to this order. This is exactly what we will do in the following section. 
We have also checked explicitly that the terms of order h 4 in Eq. (|4.7|) are non- vanishing, so that 
our method cannot be extended straightforwardly to higher orders. 

A final remark concerns the value of the Yang-Mills gauge coupling #ym- The above construction 
does not fix the value of this coupling and our action is supersymmetric to order h 2 for all values of 
qym- However, within M-theory one expects <7ym to be fixed in terms of the 11-dimensional Newton 
constant k. Indeed, reducing M-theory on a circle to IIA string theory, the orbifold seven-planes 
turn into D6 branes whose tension is fixed in terms of the string tension [22] . By a straightforward 
matching procedure this fixes the gauge coupling to be ^f)| 

g\ M = ( 47 r) 4 /V/ 3 . (4.11) 

5 The explicit bulk/brane theory 

In this section, we give a detailed description of M-theory on M^i = K 1,6 x C 2 /Ztv, taking account 
of the additional states that appear on the brane. We begin with a reminder of how the bulk fields, 
truncated to seven dimensions, are identified with the fields that appear in the seven-dimensional 
supergravity Lagrangians from which the theory is constructed. Then we write down our full La- 
grangian, and present the supersymmetry transformation laws. 

As discussed in the previous section, the full Lagrangian is constructed from three parts, the 
Lagrangian of 11-dimensional supergravity C\\ with bulk fields constrained by the orbifold action, 
£7 , the Lagrangian of seven-dimensional EYM supergravity with gauge group U(l) n and C SU ^ N ^ 
the Lagrangians for seven-dimensional EYM supergravity with gauge group U(l) n x SU(N). The 
Lagrangian L\\ has been written down and discussed in Section |5J whilst has been dealt with 
in Section El The final piece, Csu(N)-> ls discussed in Appendix El where we provide the reader 
with a general review of seven-dimensional supergravity theories. Crucial to our construction is the 
way in which we identify the fields in the supergravity and U{l) n gauge multiplets of the latter two 
Lagrangians with the truncated bulk fields. Let us recall the structure of this identification which 
has been worked out in Section El The bulk fields truncated to seven dimensions form a d = 7 
gravity multiplet and n U(l) vector multiplets, where n = 1 for the general Z^r orbifold with N > 2 
and n = 3 for the Z2 orbifold. The gravity multiplet contains the purely seven-dimensional parts 
of the 11-dimensional metric, gravitino and three- form, that is, g^ u , and C piJp , along with three 
vectors from C^ab, a spinor from ^ at and the scalar det(e^ — ). Meanwhile, the vector multiplets 
contain the remaining vectors from C^ab, the remaining spinors from $ at and the scalars contained 
in v A ~ := det(e A —)~ 1 ^e A —, the unit-determinant part of e A ~ . The gravity and U(l) vector fields 
naturally combine together into a single entity A^, I = 1, . . . (n + 3), where the index / transforms 
tensorially under a global SO(3, n) symmetry. Meanwhile, the vector multiplet scalars naturally 
combine into a single (3+n) x (3+n) matrix I which parameterizes the coset SO(3, n) / SO(3) x SO(n). 
The precise mathematical form of these identifications is given in equations (|3.1()[) - (|3.17|) for the 
general 7L N orbifold with N > 2, and equations (l3~TUl) - (l3~T4l and (l3~T31) - (l3~27Il) for the Z 2 orbifold. 

In addition to those states which arise from projecting bulk states to the orbifold fixed plane the 
Lagrangian Csu(N) also contains a seven-dimensional SU(N) vector multiplet, which is genuinely 
located on the orbifold plane. It consists of gauge fields A® with field strengths F a = T>A a , gauginos 
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A", and SU(2) triplets of scalars (frjj- These fields are in the adjoint of SU (N) and we use a,b, . . . = 
4, . . . , (A^ 2 + 2) for su(N) Lie algebra indices. It is important to write Csu(N) i n a form where the 
SU(N) states and the gravity/ t/(l) ra states are disentangled, since the latter must be identified with 
truncated bulk states, as described above. For most of the fields appearing in £su(N)i this is just 
a trivial matter of using the appropriate notation. For example, the vector fields in Csu(N) which 

naturally combine into a single entity A„, where I = 1, . . . , (3 + n + iV 2 — 1), and transforms as a 
vector under the global 50(3,n + N 2 — 1) symmetry, can simply be decomposed as A 1 ^ = (A^A 1 ^), 
where A^ refers to the three vector fields in the gravity multiplet and the U(l) n vector fields and 
A a ^ denotes the SU(N) vector fields. For gauge group U(l) n x SU(N), the associated scalar fields 
parameterize the coset 50(3, n + iV 2 — l)/50(3) x SO(n + N 2 — 1). We obtain representatives L 
for this coset by expanding around the bulk scalar coset SO(3, n)/SO(3) x SO(n), represented by 
matrices £, to second order in the SU(N) scalars <3> = (4> a u )- For the details see Appendix lC.21 This 
leads to 

_ ( t+hh 2 £<f> T $ m M<S> T \ , . 

L ~ V hi l Ar2 _ 1 + \h 2 ii T ) ■ (5 ' ij 

We note that the neglected <£> terms are of order h 3 and higher and, since we are aiming to construct 
the action only up to terms of order h 2 , are, therefore, not relevant in the present context. 

We are now ready to write down our final action. As discussed in Section 01 to order h 2 ~ <?ym> 
it is given by 

f d n x [Ai + ^ 4 V)£ brane j , (5-2) 



5*11-7 

where 



Awane — -^SU(N) ~ (5-3) 

and n = 3 for the Z2 orbifold and n = 1 for Z^r with N > 2. The bulk contribution, £n, is given 
in equation 1)2.2(1 . with bulk fields subject to the orbifold constraints (|2.7|) - (|2.16|) . On the orbifold 

(n) 

fixed plane, C\ acts to cancel all the terms in £su(N) that only depend on bulk fields projected to 
the orbifold plane. Thus none of the bulk gravity terms are replicated on the orbifold place. To find 
rane explicitly we need to expand C-su(N) * n powers of h, using, in particular, the above expressions 
for the gauge fields A^ and the coset matrices L, and extract the terms of order h 2 . The further 
details of this calculation are provided in Appendix O The result is 

!?YM I 4 z z 



1 • - — iak 



2^/2 r J / r n i r It- van 
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192 ' w ''""" " ! i. v ^ 

1 

4^/2 



1 , r„„„„ ... r„„„.,„„ , x 1 



+\e 2 °f bc a f dea cf> b \ ( p c \/\ct ) d l - \e°f ah ^ b \^\ fe^A? + 4x J V) 
--L e -/ a6 ^/ i A«iAf + -^e'f^k^A^ (5^T^^ + 2^5^ 



(5.4) 



Here f ab ° are the structure constants of SU(N). The covariant derivatives that appear are given by 



D^Ava — d^A va f p V Apa + f ab c A b ^A c u , (5-5) 



^VA j — d^Xai + nQui^aj + T^M^ + /o&^/l^ci) (5-6) 



= d^jj-qjfyJk + f^Altij, (5.7) 

with the Christoffel and spin connections T and a) taken in the seven-dimensional Einstein frame, 
(with respect to the metric g). Finally, the quantities p and q are the Maurer-Cartan forms of the 
bulk scalar coset matrix If - as given by equations (j3.3|) — (|3.5j) . Once again, the identities for relating 
the seven-dimensional gravity and U(l) vector multiplet fields to 11-dimensional bulk fields are given 
in equations (|3.10f) — (|3. 17f) for the generic Zjv orbifold with N > 2, and equations (|3.1U|) - ()3.14j) and 
(j3.19[) - (|3,20j) for the Z2 orbifold. We stress that these identifications are part of the definition of the 
theory. 

The leading order brane corrections to the supersymmetry transformation laws (|2.4j) of the bulk 
fields are computed using equations IJ4.4J) and (j4.5|) . They are given by 



9ym 1 2 V ak ^ 1 ^ 1 ^ ak J ~> 15V2 



.2 



9ym I zytu \ 

+ -±=e t f ab c r l k ^A k 3 e° 



i/jP—Al = ^l^^ej-^^T^^^-f*^^}, (5.8 
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£ J a <y brane Aj 



6 



brane n % 



5ym I 



rbranexa _ ( I j ak ; \ 

where e« is the 1 1-dimensional supersymmetry spinor r/ projected onto the orbifold plane, as given 
in (|«S.18j) . We note that not all of the bulk fields receive corrections to their supersymmetry transfor- 
mation laws. The leading order supersymmetry transformation laws of the SU(N) multiplet fields 
are found using equation (|4.5j) and take the form 

^2 (^Xaj - ld)e k X ak ] , (5.9) 



'«i ~~ !v 'r /Ka i 2 Uj 



To make some of the properties of our result more transparent, it is helpful to extract the 
bosonic part of the action. This bosonic part will also be sufficient for many practical applications. 
We recall that the full Lagrangian (|5.4[) is written in the seven-dimensional Einstein frame to avoid 
the appearance of cr-dependent pre-factors in many terms. The bosonic part, however, can be 
conveniently formulated in terms of g^, the seven-dimensional part of the 1 1-dimensional bulk 
metric guN- This requires performing the Weyl-rescaling (|3.11|) . It also simplifies the notation if we 
rescale the scalar a as r = 10cr/3, and drop the tilde from the three-form C^p and its field strength 
Gfivpa, which exactly coincide with the purely seven-dimensional components of their 1 1-dimensional 
counterparts. Let us now write down the purely bosonic part of our action, subject to these small 
modifications. We find 

<Sll_7,bos = "Sll.bos + <S7,bos > (5.10) 

where Siibos is the bosonic part of 1 1-dimensional supergravity (|2.2jl . with fields subject to the 
orbifold constraints (|2.7|) - (|2.12|l . Further, SV^bos is the bosonic part of Eq. (|5.4jl . subject to the above 
modifications, for which we obtain 

S 7 ,bos = 4-1 ^x^gl^Ha^F^-lH^F^-hsH^jF^^ 
g YM J y =o V 4 1 4 

I C A F a A F a , (5.11) 
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where 



H ab = 5 ab , (5.12) 

H aI = (5.13) 

(5H) U = 2VAV/W fc! (5-14) 

(5Krf l k = e^Ji^k, (5-15) 

D ai j = e7 a 6c /^ c V (5-16) 



The gauge covariant derivative is denoted by D, whilst T> is given by 



Vrf* = V^ji - q;U a l k . (5.17) 



The Maurer-Cartan forms p and q of the matrix of scalars £ are defined by 



pJl = (5.18) 



i k 



The bosonic fields localized on the orbifold plane are the SU (N) gauge vectors F a = T>A a and the 
SU(2) triplets of scalars <f> All other fields are projected from the bulk onto the orbifold plane, 
and there are algebraic equations relating them to the 11-dimensional fields in S\\. As discussed 
above, these relations are trivial for the metric g^u and the three- form Cnvpi whilst the scalar t is 
given by 

r = -lndet&m, (5.20) 

and can be interpreted as an overall scale factor of the orbifold C 2 /Ztv- For the remaining fields, 
the "gravi-photons" Fh, and the "orbifold moduli" if-, we have to distinguish between the generic 
Z^v orbifold with N > 2 and the Z2 orbifold. For Z^v with N > 2 we have four U(l) gauge fields, 
so that I = 1,...,4, and if- parameterizes the coset SO(3, l)/50(3). They are identified with 
11-dimensional fields through 

FU = -^tr (5.21) 



if = -tr (a/vcrV) , (5.22) 



2 

2' 

where = (G^ up q), v = (e r/,4 e^) and cr 7 are the SO(3, 1) Pauli matrices as given in Appendix lEl 

For the Z2 case, we have six U(l) vector fields, so that I = 1, ... ,6, and If- parameterizes the coset 
SO(3, 3)/ SO(3) 2 . The field identifications now read 



f! 



iu , _= _I tr ( T ^) ; (5.23) 
?/ = -tr (T lV T J v T ) , (5.24) 
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where this time G^ v = (G^ab), v = (e T / 4 e A B ), and T 1 are the generators of SO (4), as given in 
Appendix iBl 

Let us discuss a few elementary properties of the bosonic action 1)5. llj) on the orbifold plane, 
starting with the gauge- kinetic functions l|5.12|) — (|5.14|) . The first observation is, that the gauge- 
kinetic function for the SU(N) vector fields is trivial (to the order we have calculated), which confirms 
the result of Ref. [TJj|. On the other hand, we find non-trivial gauge kinetic terms between the SU (N) 
vectors and the gravi-photons, as well as between the gravi-photons. We also note the appearance 
of the Chern-Simons term C A F a A F a , which has been predicted jllj from anomaly cancellation 
in configurations which involve additional matter fields on conical singularities, but, in our case, 
simply follows from the structure of seven-dimensional supergravity without any further assumption. 
We note that, while there is no seven-dimensional scalar field term which depends only on orbifold 
moduli, the scalar field kinetic terms in (j5.ll)) constitute a complicated sigma model which mixes 
the orbifold moduli and the scalars in the SU(N) vector multiplets. A further interesting feature 
is the presence of the seven-dimensional D-term potential in Eq. (j5.ll)) . Introducing the matrices 
4>a = i'Paj) an d D a = (D at j) this potential can be written as 

V = -±-tv(D a D a ) , (5.25) 
4 5ym 

where 

D a = ±e T f a bc [<j> b ,<t> c }. (5-26) 

The flat directions, D a = 0, of this potential, which correspond to unbroken supersymmetry as can 
be seen from Eq. ()5.9j) . can be written as 

4> a = v a a 3 (5.27) 

with vacuum expectation values v a . The v a correspond to elements in the Lie algebra of SU(N) 
which can be diagonalised into the Cartan sub-algebra. Generic such diagonal matrices break SU (N) 
to U(1) N ~ 1 , while larger unbroken groups are possible for non- generic choices. Looking at the scalar 
field masses induced from the D-term in such a generic situation, we have one massless scalar for each 
of the non-Abelian gauge fields which is absorbed as their longitudinal degree of freedom. For each 
of the — 1 unbroken Abelian gauge fields, we have all three associated scalars massless, as must be 
the case from supersymmetry. This situation corresponds exactly to what happens when the orbifold 
singularity is blown up. We can, therefore, see that within our supergravity construction blowing-up 
is encoded by the D-term. Further, the Abelian gauge fields in SU(N) correspond to (a truncated 
version of) the massless vector fields which arise from zero modes of the M-theory three- form on a 
blown-up orbifold, while the 3(A?" — 1) scalars in the Abelian vector fields correspond to the blow-up 
moduli. 

6 Discussion and outlook 

In this paper, we have constructed the effective supergravity action for M-theory on the orbifold 
C 2 /Zjv x M 1 ' 6 , by coupling 11-dimensional supergravity, constrained in accordance with the orbifold- 
ing, to SU(N) super- Yang-Mills theory located on the seven-dimensional fixed plane of the orbifold. 
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We have found that the orbifold-constrained fields of 11-dimensional supergravity, when restricted 
to the orbifold plane, fill out a seven-dimensional supergravity multiplet plus a single U(l) vector 
multiplet for N > 2 and three U(l) vector multiplets for N = 2. The seven-dimensional action on 
the orbifold plane, which has to be added to 11-dimensional supergravity, couples these bulk degrees 
of freedom to genuine seven-dimensional states in the SU(N) multiplet. We have obtained this 
action on the orbifold plane by "up-lifting" information from the known action of J\f = 1 Einstein- 
Yang- Mills supergravity and identifying 11- and 7-dimensional degrees of freedom appropriately. The 
resulting ll-/7-dimensional theory is given as an expansion in the parameter h = K 5 / 9 /ffYM> where 
k is the 11-dimensional Newton constant and c/ym is the seven-dimensional SU(N) coupling. The 
bulk theory appears at zeroth order in h, and we have determined the complete set of leading terms 
on the orbifold plane which are of order h 2 . At order h 4 we encounter a singularity due to a delta 
function square, similar to what happens in Hofava-Witten theory [Sj. As in Ref. [3], we assume 
that this singularity will be resolved in full M-theory, when the finite thickness of the orbifold plane 
is taken into account, and that it does not invalidate the results at order h 2 . 

While we have focused on the A-type orbifolds C 2 /Zat, we expect our construction to work 
analogously for the other four-dimensional orbifolds of ADE type. Our result represents the proper 
starting point for compactifications of M-theory on G2 spaces with singularities of the type C 2 /Zj\r x 
B, where B is a three-dimensional manifold. We consider this to be the first step in a programme, 
aiming at developing an explicit supergravity framework for "phenomenological" compactifications 
of M-theory on singular G2 spaces. A further important step would be to couple to our action a 
four-dimensional M = 1 action, describing the matter fields on conical singularities. The structure 
of such a coupled supergravity in eleven, seven and four dimensions is currently under investigation. 
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Appendix 

A Spinor Conventions 

In this section, we provide the conventions for gamma matrices and spinors in eleven, seven and four 
dimensions and the relations between them. This split of eleven dimensions into seven plus four arises 
naturally from the orbifolds M 1,6 x C 2 /Zjy which we consider in this paper. We need to work out 
the appropriate spinor decomposition for this product space and, in particular, write 11-dimensional 
Majorana spinors as a product of seven-dimensional symplectic Majorana spinors with an appropri- 
ate basis of four-dimensional spinors. We denote 11-dimensional coordinates by (x M ), with indices 
M, N, . . . = 0, . . . , 10. They are split up as x M = y A ) with seven-dimensional coordinates x^ 1 , 
where = 0, . . . , 6, on M 1 ' 6 and four-dimensional coordinates y A , where A, B, . . . = 7, . . . , 10, 

on C 2 /Z N . 
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We begin with gamma matrices and spinors in 11-dimensions. The gamma-matrices, F M , satisfy 
the standard Clifford algebra 

{F M ,F N } = 2g MN , (A.l) 

where 

g MN ig 

the metric on the full space M 1,6 x C 2 /^W- We define the Dirac conjugate of an 
11-dimensional spinor to be 

$ = i^r°. (A.2) 

The 11-dimensional charge conjugate is given by 

q> c = B- 1 ^*, (A.3) 

where the charge conjugation matrix B satisfies |3()| 

bt m b -i = pM^ B * B = l32 _ (A. 4) 

In this work, all spinor fields in 11-dimensions are taken to satisfy the Majorana condition, ^ c = 
thereby reducing ^ from 32 complex to 32 real degrees of freedom. 

Next, we define the necessary conventions for SO (1,6) gamma matrices and spinors in seven 
dimensions. The gamma matrices, denoted by T^, satisfy the algebra 

{T^,T u } = 2g^ u , (A.5) 

where g^ v is the metric on R 1,6 . The Dirac conjugate of a general eight complex component spinor 
tp is defined by 

$ = i^r° . (A.6) 

In seven dimensions, the charge conjugation matrix B$ has the following properties [HO] 

BgT^g- 1 = T^*, B* S B S = -Is ■ (A.7) 
The second of these relations implies that charge conjugation, defined by 

r = b b -v (a.8) 

squares to minus one. Hence, one cannot define seven-dimensional SO(l, 6) Majorana spinors. How- 
ever, the supersymmetry algebra in seven dimensions contains an SU (2) R-symmetry and spinors can 
be naturally assembled into SU(2) doublets ip l , where = 1, 2. Indices i, j, . . . can be lowered 

and raised with the two-dimensional Levi-Civita tensor and e lJ , normalized so that e 12 = 621 = 1. 
With these conventions a symplectic Majorana condition 

^ = eijB^r 3 , (A.9) 

can be imposed on an SU(2) doublet tp l of spinors, where we have defined i^* 1 = (ifti)*- All seven- 
dimensional spinors in this paper are taken to be such symplectic Majorana spinors. Further, in 
computations with seven-dimensional spinors, the following identities are frequently useful, 

X i T w -"y = (-l) n+l ^T^-^ x \ (A.10) 
-i Tm ...Mn^. = (_i)«^T^- w Xi. (A.ll) 
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Finally, we need to fix conventions for four-dimensional Euclidean gamma matrices and spinors. 
Four-dimensional gamma matrices, denoted by 7 , satisfy 

{T A ,-y B } = 2g AB , (A.12) 

with the metric gAB on C 2 /Zjy. The chirality operator, defined by 

7 = 7W7 m , (A.13) 

satisfies 7 2 = I4. The four-dimensional charge conjugation matrix B4 satisfies the properties 

B Al A B~ l = 7 A * , B\B A = -1 4 . (A.14) 

It will often be more convenient to work with complex coordinates (z p , zP) on C 2 /Ztv, where p,q, . . . = 
1,2 and p,q,... = 1,2. In these coordinates, the Clifford algebra takes the well-known "harmonic 
oscillator" form 

{7 P , 7 9 } = , { 7 P ~, 7 5 } = , { 7 p , 7 9 "} = 2 5 M , (A.15) 

with creation and annihilation "operators" 7 P and 7^, respectively. In this new basis, complex 
conjugation of gamma matrices (|A.14|) is described by 

B a p B^ = 7 p * , BtfB? = 7 P ~* ■ (A.16) 

A basis of spinors can be obtained by starting with the "vacuum state" CI, which is annihilated by 
7^, that is 7 ^f2 = 0, and applying creation operators to it. This leads to the three further states 

p£=i=7^, Cl = \^Cl. (A.17) 

In terms of the gamma matrices in complex coordinates, the chirality operator 7 can be expressed 
as 

7 = - 1 + 7^7! + 7^ - 7 Lyi y 2 7 a . (A. 18) 

Hence, the basis (CI, pS-, CI) consists of chirality eigenstates satisfying 

7O = -Cl , 7O = -O , 7P E = pE . (A.19) 

For ease of notation, we will write the left-handed states as (p % ) = (p^, p 2 -), where i,j,... = l,2 and 
the right-handed states as (p 1 ) = (Cl, CI) where %, j, . . . = 1,2. Note, it follows from Eq. (jA.16|) that 

B~ l Cl* = CI , Bl V* = • (A.20) 

Hence p J and p l each form a Major ana conjugate pair of spinors with definite chirality. 

We should now discuss the four plus seven split of 11-dimensional gamma matrices and spinors. 
It is easily verified that the matrices 

r" = T"®7, r A = i 8 ® 7 A , (A.21) 
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satisfy the Clifford algebra IjA.!!) and, hence, constitute a valid set of 11-dimensional gamma- matrices. 
Further, it is clear that an 11-dimensional charge conjugation matrix B can be obtained from its 
seven- and four-dimensional counterparts B% and B\ by 

B = B 8 ®B 4 . (A.22) 

A general 11-dimensional Dirac spinor can now be expanded in terms of the basis of 
four-dimensional spinors as 

* = ViO, y) ® p i + tpj(x, y)®p>, (A.23) 

where ipi and ipj are four independent seven-dimensional Dirac spinors. Given the properties of the 
four-dimensional spinor basis under charge conjugation, a Majorana condition on the 11-dimensional 
spinor ^ simply translates into ipi and ijjj each being symplectic SO(l, 6) Majorana spinors. 



B Some group-theoretical properties 

In this section we summarize some group-theoretical properties related to the coset spaces 50(3, n)/ 
SO (3) x SO(n) of seven-dimensional EYM supergravity. We focus on the parameterization of these 
coset spaces in terms of 11-dimensional metric components, which is an essential ingredient in re- 
writing 11-dimensional supergravity, truncated on the orbifold, into standard seven-dimensional EYM 
supergravity language. 

We begin with the generic <C 2 /Zat orbifold, where N > 2 and n = 1, so the relevant coset 
space is SO(3,l)/ SO(3). In this case, it is convenient to use complex coordinates (z p ,z^), where 
p,q, . . . = 1,2 and p,q, . . . = 1,2, on the orbifold. After truncating the 11-dimensional metric to be 
independent of the orbifold coordinates, the surviving degrees of freedom of the orbifold part of the 
metric can be described by the components e p - of the vierbein, see Eqs. (|2.7j) - ()2.16j) . Extracting the 
overall scale factor from this, we have a determinant one object v p -, together with identifications by 
SU{2) gauge transformations acting on the tangent space index. Hence, v p - should be thought of as 
parameterizing the coset SL(2, C)/SU(2). This space is indeed isomorphic to SO(3, l)/SO(3). To 
work this out explicitly, it is useful to introduce the map / defined by 

f(u) = ma 1 (B.l) 

which maps four-vectors ui, where I, J,... = 1,...,4, into hermitian matrices f(u). Here the 
matrices a 1 and their conjugates a are given by 

(a I ) = (a u ,l 2 ), (a I ) = (-a u ,l 2 ), (B.2) 

where the a u , u = 1,2, 3, are the standard Pauli matrices. They satisfy the following useful identities 

tr (ct 7 ct j ) = 2r] IJ , (B.3) 

tr (V^aW^)) = 2 V L + V IL V JK ~ V L ) , (B.4) 

where I, J,... indices are raised and lowered with the Minkowski metric (rju) = diag(— 1, —1, —1, +1). 
A key property of the map / is that 

um 1 = det(/(n)) (B.5) 
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for four- vectors uj. This property is crucial in demonstrating that the map F defined by 

F{v)u = r 1 (vf(u)vA (B.6) 



is a group homeomorphism F : 5L(2,C) — > 50(3,1). Solving explicitly for the 50(3,1) images 
£jJ-= (F{v))r- one finds 

£jJ- = -tr (ajwV) . (B.7) 
This map induces the desired map SL(2,C)/ SU(2) — > 50(3, l)/50(3) between the cosets. 

The structure is analogous, although slightly more involved, for the orbifold C 2 /Z2, where n = 3 
and the relevant coset space is 50(3, 3)/50(3) 2 . In this case, it is more appropriate to work with 
real coordinates y A on the orbifold, where A, B, . . . = 7, 8, 9, 10. The orbifold part of the truncated 
11-dimensional metric, rescaled to determinant one, is then described by the vierbein va~ in real 
coordinates, which parameterizes the coset 5L(4,R)/50(4). The map / now identifies 50(3,3) 
vectors u with elements of the 50(4) Lie algebra according to 



f(u) = ujT 1 , 



(B.8) 



where T 1 , with I, J,... = 1, ... ,6 is a basis of anti-symmetric 4x4 matrices. We would like to 
choose these matrices so that the first four, T 1 , . . . , T 4 correspond to the Pauli matrices a 1 , . . . , a 4 
of the previous N > 2 case, when written in real coordinates. This ensures that our result for N = 2 
indeed exactly reduces to the one for N > 2 when the additional degrees of freedom are "switched 
off" and, hence, the action for both cases can be written in a uniform language. It turns out that 
such a choice of matrices is given by 



/ -1 \ 

10 
0-100 

V i o o o j 

( -1 \ 

1 
1 

V o o -10/ 



The two remaining matrices can be taken as 



/ 1 \ 

1 

-10 

\ -10 0/ 

/ -1 \ 
10 
-1 

\ o o i o / 



(B.£ 



(B.10) 



V o 







1 



o \ 
-1 



o / 







-1 

V -l o 



1 \ 



o / 



(B.ll) 



Note that T 1,2 ' 3 and T 4,5 ' 6 form the two sets of SU(2) generators within the 50(4) Lie algebra. We 
may introduce a "dual" to the six T 1 matrices, analogous to the definition of the a 1 matrices of the 
N > 2 case, which will prove useful in many calculations. We define 

AB 



n 



^ABCD 



CD 



(B.12) 
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which has the simple form 

(T 1 ) = (T u ,-T a ), (B.13) 

where u, v, . . . = 1,2,3 and a, /3, . . . = 4, 5, 6. Indices I, J,... are raised and lowered with the metric 
(vu) = diag(— 1, —1, —1, +1, +1, +1). The matrices T 1 satisfy the following useful identities 

tr ( T 1 T J ) = Arj IJ , (B.14) 



(T T ) AB {T j ) cdVij = 2e ABCD , (B.15) 
( tU )ab ( tV )cd = Sacked - Sad^bc - cabcd, (B.16) 

(T a )AB(T f3 )cD$al3 = <*AC<>BD ~ ^AD^BC + ^ABCD- ( B -17) 

Key property of the map / is 

(um 1 ) 2 = det(/(u)) (B.18) 
for any SO(3, 3) vector u/ . This property can be used to show that the map F defined by 

F(v)u = r 1 {vf{u)v T ) (B.19) 

is a group homeomorphism F : SL{A, E) — > SO(3, 3). Solving for the 50(3, 3) images £j— = (F(v))i- 
one finds 

£jl = -tr (f lV T J v T ) . (B.20) 
This induces the desired map between the cosets SX(4,R)/ SO(A) and SO(3, 3)/ SO(3) 2 . 

C Einstein- Yang-Mills supergravity in seven dimensions 

In this section we will give a self-contained summary of minimal, J\f = 1 Einstein- Yang-Mills (EYM) 
supergravity in seven dimensions. Although the theory may be formulated in two equivalent ways, 
here we treat only the version in which the gravity multiplet contains a three-form potential C^ vp 
|27| . rather than the dual formulation in terms of a two-index antisymmetric field B pu which has 
been studied in Refs. |251 131) . This three- form formulation is better suited for our application to 
M-theory. The theory has an SU(2) rigid R-symmmetry that may be gauged and the resulting 
massive theories were first constructed in Refs. |261 1321 13*3*] . The seven-dimensional supergravities 
we obtain by truncating M-theory are not massive and, for this reason, we will not consider such 
theories with gauged R-symmetry. The seven-dimensional pure supergravity theory can also be 
coupled to M vector multiplets [23 EU [SSI IHEj , transforming under a Lie group G = U(l) n x H, 
where H is semi-simple, in which case the vector multiplet scalars parameterize the coset space 
SO(3, M) / SO{3) x SO(M). In this Appendix, we will first review seven-dimensional J\f = 1 EYM 
supergravity with such a gauge group G. This theory is used in the main part of the paper to construct 
the complete action for low-energy M-theory on the orbifolds E 1 ' 6 x C 2 /Z N . The truncation of M- 
theory on these orbifolds to seven dimensions leads to a d = 7 EYM supergravity with gauge group 
U{l) n x SU{N), where n = 1 for N > 2 and n = 3 for N = 2. Here, the U{l) n part of the gauge 
group originates from truncated bulk states, while the SU(N) non-Abelian part corresponds to the 
additional states which arise on the orbifold fixed plane. Since we are constructing the coupled 



23 



ll-/7-dimensional theory as an expansion in SU(N) fields, the crucial building block is a version of 
d = 7 EYM supergravity with gauge group U(l) n x SU(N), expanded around the supergravity and 
U(l) n part. This expanded version of the theory is presented in the final part of this Appendix. 

C.l General action and supersymmetry transformations 

The field content of gauged d = 7, N = 1 EYM supergravity consists of two types of multiplets. The 
first, the gravitational multiplet, contains a graviton g^ v with associated vielbein e M -, a gravitino ip l , 
a symplectic Majorana spinor x % , an SU(2) triplet of Abelian vector fields A^ ■ with field strengths 
F % j = dA l j, a three form field Cp Up with field strength G = dC, and a real scalar a. So, in summary 
we have 

(v^wVj^.^'^) • (c.i) 

Here, = 1, 2 are £77(2) R-symmetry indices. The second type is the vector multiplet, which 

contains gauge vectors A a ^ with field strengths F a = VA a , gauginos \ m and SU{2) triplets of real 
scalars 4> at j- In summary, we have 

{A;,4> ai jA ai ) , (c.2) 

where a,b, . . . = 4, . . . , M + 3 are Lie algebra indices of the gauge group G. 

It is sometimes useful to combine all vector fields, the three Abelian ones in the gravity multiplet 
as well as the ones in the vector multiplets, into a single £0(3, M) vector 

(4)=(V i ,^) , (C.3) 

where I,J,... = 1, . . . , M + 3. Under this combination, the corresponding field strengths are given 
by 

F I ^ = 2d bl A I l/] +fj k I Af l A^ (C.4) 

where fb c a are the structure constants for G and all other components of fj^ 1 vanish. 

The coset space SO{3,M)/SO(3) x SO{M) is described by a (3 + M) x (3 + M) matrix L-^, 
which depends on the 3M vector multiplet scalars and satisfies the S0(3, M) orthogonality condition 

L 'f L k 1] JL = Vik ( C - 5 ) 
with (rjjj) = (Vfj) = diag( — 1, —1, —1, +1, . . . , +1). Here, indices I, J, . . . = 1, . . . , (M + 3) transform 
under £0(3, M). Their flat counterparts I_,J_, . . . decompose into a triplet of SU(2), corresponding 
to the gravitational directions and M remaining directions corresponding to the vector multiplets. 

Thus we can write L-~ — > (Lj u , Lj= a ) , where u = 1, 2, 3. The adjoint SU (2) index u can be converted 
into a pair of fundamental SU(2) indices by multiplication with the Pauli matrices, that is, 

L/, = 1VK)V (C.6) 
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There are obviously many ways in which one can parameterize the coset space SO(3, M)/SO(3) x 
SO(M) in terms of the physical vector multiplet scalar degrees of freedom 4>aj- A simple parame- 
terization of this coset in terms of $ = ((f> a u ) is given by 

J 

(C.7) 

i 

In the final paragraph of this appendix, when we expand seven-dimensional supergravity, we will use 
a different parameterization, which is better adapted to this task. The Maurer-Cartan form of the 
matrix L, defined by L~ l T>L, is needed to write down the theory. The components P and Q are 
given explicitly by 

P ,a) = L\ (5fd, + f n k Al) L k * ., (C.8) 

Qii = Lh k { s f 9 » + fi/ A l) L Rr (C-9) 

The final ingredients needed are the following projections of the structure constants 

n — i f c T ai T h i T k 
u — l Jab L fc-k i^c 31 

r\ai • f djbi r ck j a 

u j — l Jbc ^ j^d 5 

D a bj = fafLaL^Lej- (CIO) 

It is worth mentioning that invariance of the theory under the gauge group G and the R-symmetry 
group SU(2) requires that the Maurer-Cartan forms P and Q transform covariantly. It can be shown 
that this is the case, if and only if the "extended" set of structure constants fjj K satisfy the condition 

hhiR = hn^kw (an) 

For any direct product factor of the total gauge group, this condition can be satisfied in two ways. 
Either, the structure constants are trivial, or the metric rjjj is the Cartan-Killing metric of this factor. 
In our particular case, the condition (|C.11|) is satisfied by making use of both these possibilities. The 
structure constants vanish for the "gravitational" part of the gauge group and the U{l) n part within 
G. For the semi-simple part H of G, one can always choose a basis, so its Cartan-Killing metric is 
simply the Kronecker delta. 

With everything in place, we now write down the Lagrangian for the theory. Setting coupling 



L f = ( exp 
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constants to one, and neglecting four-fermi terms, it is given by [27] 

e-^YM = \R- -^T^V^pi - ^G^G^ - -x^V^Xi - \d^a 



fiupa 



l 

~r 
i 

~V2 



_1_ ^ijXpupar^. + 12 ^T^Vf 



-ie-*F%LJ 



I j^J i ' "1 Jo,) 2 

1 

1 



2v5 



e D - 9D a -D 

180 V J ^ 3 U a, 



1 

72 



2 



60\/2 

gg fc ^pvpr aK r jXt- 



(C.12) 



The covariant derivatives that appear here are given by 

1 



i'pXi = d^Xi + ^Qpi 3 Xj + /^T^x., 



T^p^ai 



dpXai + -^Qpj X a j + -^Jp 1 T pv^ai + fab Cj ^ b pX c 



(C.13) 
(C.14) 
(C.15) 



The associated supersymmetry transformations, parameterized by the spinor £j, are, up to cubic 
fermion terms, given by 



fa = ^ , 



pi j 
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Sip, 



in 



80 



T upar, _ ^g>>TP<*i\ Ei G vnar ,e 



3 J 



1 



SC. 



pup 



I 3 V 



L; a 5A{ = tT,Xe a 



-2a 



(C.16) 



2i 



8L f \ 
i 3 

SLf 



-iV^e'XajL^ + —E k \ a kL'~5 l j , 

-iv^e*A?i/. , 
j i i 



C.2 A perturbative expansion 

In this final section we expand the EYM supergravity of Section IC.ll around its supergravity and 
U{\) n part. The parameter for the expansion is h := kj / qym-i where kj is the coupling for gravity 
and U(l) n and <7ym is the coupling for H, the non-Abelian part of the gauge group. To determine 
the order in h of each term in the Lagrangian, we need to fix a convention for the energy dimensions 
of the fields. Within the gravity and £7(1) vector multiplets, we assign energy dimension to bosonic 
fields and energy dimension 1/2 to fermionic fields. For the H vector multiplet, we assign energy 
dimension 1 to the bosons and 3/2 to the fermions. With these conventions we can write 



(£ (0 ) + h 2 C {2) + h 4 C (4) + ...), 



(C.17) 



where the C 



(m) i 



m 



0, 2, 4, . . . are independent of h. The first term in this series is the Lagrangian 



for EYM supergravity with gauge group U(l) n , whilst the second term contains the leading order 
non-Abelian gauge multiplet terms. We will write down these first two terms and provide truncated 
supersymmetry transformation laws suitable for the theory at this order. 

In order to carry out the expansion, it is necessary to cast the field content in a form where the 
H vector multiplet fields and the gravity/[/(l) n vector multiplet fields are disentangled. To this end, 
we decompose the single Lie algebra indices a,b, . . . = 4, . . . , M + 3 used in Section lC.il into indices 
a, (3, ■ ■ ■ = 4, . . . , 3 + n that label the U(l) directions and redefined indices a,b, . . . = n + 4, . . . , M + 3 
that are Lie algebra indices of H. This makes the disentanglement straightforward for most of the 
fields. For example, vector fields, which naturally combine into the single entity A 1 ^, can simply be 

decomposed as A 1 ^ = (A 1 ,A®), where A , I = l,...,n + 3, refers to the three vector fields in the 
gravity multiplet and the U(l) n vector fields, and A^ denotes the H vector fields. Similarly, the U(l) 
gauginos are denoted by A a j, whilst the H gauginos are denoted by A a j. The situation is somewhat 
more complicated for the vector multiplet scalar fields, which, as discussed, all together combine into 
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the single coset 50(3, M)/50(3) x 50(M), parameterized by the 50(3, M) matrix L. It is necessary 
to find an explicit form for L, which separates the 3n scalars in the U{\) n vector multiplets from the 
3(M — n) scalars in the H vector multiplet. To this end, we note that, in the absence of the H states, 
the U(l) n states parameterize a 50(3, n)/50(3) x 50(n) coset, described by (3+n) x (3+n) matrices 
ij- = (£i u , £i a )- Here, £ = (£j u ) are (3 + n) x 3 matrices where the index u = 1, 2, 3 corresponds to 
the three "gravity" directions and m = (£j a ) are (3 + n) x n matrices with a = 4, . . . , n + 3 labeling 
the U(l) n directions. Let us further denote the SU(N) scalars by $ = (4> a u )- Then we can construct 
approximate representatives L of the large coset 50(3, M)/50(3) x SO(M) by expanding, to the 
appropriate order in <J>, around the small coset 50(3, n)/50(3) x 50(n) represented by i and m. 
Neglecting terms of cubic and higher order in $, this leads to 

L -\ h$ lM-n + ^W J ■ {L 8) 

We note that the neglected <3? terms are of order h 3 and higher and, since we are aiming to construct 
the action only up to terms of order h 2 , are, therefore, not relevant in the present context. 

For the expansion of the action it is useful to re-write the coset parameterization (|C.18|) and the 
associated Maurer-Cartan forms P and Q in component form. We find 

L/, = If; + -hHA^J j , (C.19) 

Lf = hi z a , (C.20) 

Lf = Mf^i, (C.21) 

Ljj = ^ , (C.22) 

L a a = , (C.23) 

L a b = 6 a b + ~h 2 ct> a i j cl> bj i , (C.24) 

P m l 3 = P^Jj + \h 2 v m k i4> a \Kj , (C25) 
JVj = -hV^Jj , (C.26) 

Qf'j = <J + \ h2 (f\V^ a k j - ^P^k) , (C.27) 

where p and q are the Maurer-Cartan forms associated with the small coset matrix I. Thus 

P^i = ^AV;> ( c - 28 ) 

% 3 = Z U M k 3 ■ (C30) 
The covariant derivative of the H vector multiplet scalar cf) a l j is given by 

V^fj = d^: 3 - q^\tf> a l k + / a6 c 4^ c V (C.31) 
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Using the expressions above, it is straightforward to perform the expansion of £ym up to order 



1 a„ „ „„„„„ 1 _.- i 5„ v 7 ^ 
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+3x\i ~ 5A ai A m ) - ^^C^pF^FaA . (C.32) 

The associated super symmetry transformations have an expansion similar to that of the Lagrangian. 
Thus, the supersymmetry transformation of a field X takes the form 



5X = 8<®X + h 2 6®X + hH^X + ... . 



(C.33) 



We give the first two terms of this series for the gravity and U(l) vector multiplet fields, and just 
the first term for the H vector multiplet fields. These terms are precisely those required to prove 
that the Lagrangian given in Eq. (jC.32|) is supersymmetric to order h 2 ~ <7ym- They are 

5e^ = e i T^ h 



+ 



k4 I l 



9ym I ^ 



lOy/2 



15\/2 



6 Xi = VEr^id^a - ^=T^e l G llupa e 



2a 
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+ - 



3V10 



<5C^p = ( -3^ T - ^=x 4 T^ p £i 1 e 2(7 , 



2i 



+ 



9ym \\V2 
?/*<$4 = e%A?e CT , 



al i i cj -k ^ \a i i a 



• e <T - e T„A 



(C.34) 



v2 



+ 



5ym I v 7 ^ 

= _iV2rA?v< + -?- <| -4= 



z y ym k V ^ 
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■•'' J !,°' k , 



6^ = -iV2 (?\ aj - l -5)e k \ ak 
This completes our review of M = 1 EYM supergravity in seven dimensions. 
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